We determine the Stiefel-Whitney classes of the second exterior representation and the spin representation of Spin(15), which are useful to calculate the mod 2 cohomology of the classifying space of the exceptional Lie group E 8 .
Little is known about the structure of mod 2 cohomology of the classifying space BE 8 of the exceptional Lie group E 8 . However, it is quite natural to conjecture that the number of generators as an algebra over the Steenrod algebra is 2.
Conjecture 1.1
The mod 2 cohomology of the classifying space BE 8 has two generators as an algebra over the Steenrod algebra; the first one is of degree 4, and the second one is the 128-th Stiefel-Whitney class w 128 (ρ 8 ) of the adjoint representation ρ 8 = Ad E 8 : E 8 −→ SO(248).
(For the adjoint representation Ad E 8 , see Adams [2, Chapters 6 and 7] .)
Based on the computation in Mori [9] , we conjecture more precisely that the number of generators as an algebra (not as an algebra over the Steenrod algebra) is 33 and the action of the Steenrod square is expressed in the following diagram: Note that the Lie algebra L(Spin(n)) of type Spin(n) is isomorphic to the second exterior representation λ 2) that the 128-th Stiefel-Whitney class w 128 (Ad E 8 ) can be chosen as a member of a system of generators of H * (BE 8 ; Z/2) as an algebra over the Steenrod algebra.
The paper is organized as follows. In Section 2, we prepare some results on representations which will be needed for later use. In Section 3, we calculate the Stiefel-Whitney classes of the second exterior representation λ 2 15 of Spin(15). In Section 4, we calculate the Stiefel-Whitney classes of the spin representation ∆ 15 of Spin(15). One can derive the total characteristic classes w(ρ 4 ), c(ρ 6 ), p(ρ 7 ) from the results (4-1), , respectively. In Section 5, we calculate the Stiefel-Whitney classes of the representation λ 1 15 ⊕ λ 2 15 ⊕ ∆ 15 of Spin(15) which is the induced representation from the adjoint representation of E 8 .
Our main results are Theorem 5.1 and Corollary 5.2; the latter result assures the existence of the first generator in the right column in the previous diagram. The former result will be used to show in the forthcoming paper that the action of the Steenrod squares on this generator of degree 128, and hence on those of degrees 192, 224, 240, 248, by using the Wu formula. That is, the generators in the right column can be represented by the 128-th, 192-nd, 224-th, 240-th and 248-th Stiefel-Whitney classes of the adjoint representation respectively.
It is our pleasure to acknowledge that the present paper is motivated by the calculation in Mori [9] . Most of the calculations were performed by programs using GAP which is a system for computation in discrete abstract algebra. We thank Shingo Okuyama and Yuriko Sambe who advised us about programming of the calculations.
Preliminary
In this section, we recall the mod 2 cohomology of the classifying spaces of O(n), SO(n) and Spin(n) as well as the Stiefel-Whitney classes of representations.
Let H n be the subgroup of O(n) consisting of the diagonal matrices, which is isomorphic to (Z/2) n . Let i n : H n → O(n) be the natural inclusion map. Let W = N(H n )/H n be the Weyl group of O(n), where N(H n ) is the normalizer of H n . As is well known, W is isomorphic to the n-th symmetric group Σ n . The mod 2 cohomology of BO(n) is a polynomial algebra whose generators are defined as the invariants under the action of the Weyl group: where {t j : 1 ≤ j ≤ n} is a basis of H 1 (B(Z/2) n ; Z/2) and w i , the i-th elementary symmetric polynomial of t j , is called the i-th Stiefel-Whitney class. Similarly, the mod 2 cohomology of BSO(n) is a polynomial algebra generated by w i for 2 ≤ i ≤ n:
Let G be a compact Lie group and ρ an n-dimensional real representation G → O(n).
Since a homomorphism induces a map between their classifying spaces
uniquely up to homotopy, we obtain a homomorphism between their mod 2 cohomologies:
We denote Bρ * (w i ) simply by w i (ρ). For a representation ρ : G → SO(n), we also denote by w i (ρ) the induced element. One of the important properties of the Stiefel-Whitney class is the Whitney product formula:
is the obvious map, and w i and w i are the i-th Stiefel-Whitney classes of H * (BO(m); Z/2) and H * (BO(n); Z/2) respectively.
The action of the Steenrod square on the Stiefel-Whitney classes is given by the Wu formula:
Then, using it, one can easily see that generators of H * (BO(n); Z/2) as an algebra over the Steenrod algebra are given by w 2 k for 1 ≤ 2 k ≤ n.
Now we recall a result due to Borel-Hirzebruch [5] . Let H be an elementary abelian 2-subgroup of G, and i : H → G the inclusion map. Suppose that there is a representation ρ : G → O(n) satisfying the following commutative diagram:
Proposition 2.1 (Borel-Hirzebruch [5] ) There holds
Thus one can calculate w(ρ), if Bρ * (t i ) is calculable.
To state Quillen's result [10] concerning H * (B Spin(n); Z/2), we define h n as follows:
n/2, n ≡ 2, 4, 6 mod 8,
We often denote h n by h if there is no confusion. Let J ⊂ H * (BSO(n); Z/2) be the ideal generated by the elements 
As is well known (see for example Adams [2] ), Spin(n) has the spin representations:
where ∆ ± means that there are two representations ∆ + and ∆ − .
Notation 2.2 (1) For a real representation ρ : G → SO(n), we denote by ρ C a complex representation
(2) For a quaternionic representation ρ : G → Sp(n), we denote by ρ C a complex representation
(3) For a complex representation ρ : G → SU(n), we denote by ρ R a real representation
(4) For a quaternionic representation ρ : G → Sp(n), we denote by ρ R a real representation
The following remark is well known (see for example Adams [1] ). We sometimes denote by ρ R a real representation ρ, and denote by ρ C a complex representation ρ, by abuse of the notations. It is well known that w(ρ R ) = c(ρ) if ρ is a complex representation. It is also known that w(ρ R ) = c(ρ C ) = p(ρ) if ρ is a quaternionic representation. Note that, if n = 4m + 2, the representations of (∆ + n ) R and (∆ − n ) R are isomorphic, since ∆ + n and ∆ − n are conjugate to each other. We denote w 2 h ((∆ n ) R ) and w 2 h ((∆ + n ) R ) simply by u 2 h for n odd and n even respectively. Now the results due to Quillen [10] can be summarized as follows:
The algebra structure of the mod 2 cohomology of B Spin(n) is
given by
(2) The nonzero Stiefel-Whitney classes of the spin representation are those of degrees 2 h and 2 h − 2 i for r ≤ i ≤ h, where where the first term of R i is the leading term.
In order to calculate the Stiefel-Whitney classes of the spin representation concretely, we need some facts about the spin representations.
Notation 2.5 f n : Spin(n) −→ Spin(n + 1) is the natural inclusion map.
As is well known (see for example Adams [2, Proposition 4.4]), we have that
Then, using these and Remark 2.3, we have the following:
For the usual inclusion map
there is a covering mapr n : SU(n) → Spin(2n), since SU(n) is simply connected. According to Atiyah, Bott and Shapiro [3] , there are isomorphisms of the representations
3 The Stiefel-Whitney classes of the second exterior representation
In this section, we calculate the Stiefel-Whitney classes of the representation Let ν be the nontrivial real representation of one dimension
and ν i a composition map
where p i is the i-th projection map. Then it is easy to show that the induced representation
is isomorphic to 1≤j<k≤n ν j ν k . Using Proposition 2.1, we obtain
since the total Stiefel-Whitney class of the representation ν j ν k is given by 1 + t j + t k . Then we can write
where w i is the i-th elementary symmetric polynomial. Since it is quite difficult to calculate ϕ 2 15 directly by using GAP because of the capacity of the computer, we need to improve the algorithm to expand symmetric polynomials in terms of the elementary symmetric polynomials, that is, to calculate ϕ 2 n by induction on n. Obviously ϕ 2 2 (w 1 , w 2 ) = 1 + w 1 . Suppose that ϕ 2 n−1 is obtained. Letw i be the i-th elementary symmetric polynomial of t j (1 ≤ j ≤ n − 1). Then we have
We define a function ψ 2 n by
which is equal to ϕ 2 n (w 1 , . . . , w n ) as a polynomial of t i . Then we obtain
We define ϕ 2 n,i (w 1 , . . . , w n−1 ) for i ≥ 0 by the equation
where it is easy to see that there holds the following identity
as polynomials for any invariant element ξ i . Now we calculate ϕ 2 n,m by induction on m.
. ,w n−1 , t n ) and
n,m (ξ 1 , . . . , ξ n−1 , 0), Then which gives ϕ 2 n (w 1 , . . . , w n ) by the above equality. By induction on n, namely, using the improved algorithm, we obtain the following theorem. 
The Stiefel-Whitney classes of the spin representation
In this section, by making use of Theorem 2.4, we calculate the Stiefel-Whitney classes of the spin representations (∆ n ) R and (∆ ± n ) R for n ≤ 15. Firstly, one can obtain them for n ≤ 7 as follows:
Secondly, it also follows from Theorem 2.4 that the total Stiefel-Whitney class of the spin representation ∆ According to Adams [2] , the outer automorphism group Out(Spin(8)) of Spin (8) 
Thus we obtain a 1 = 1, and the total Stiefel-Whitney class is given by
Since the induced representation f * 8 ∆ 9 is isomorphic to ∆ where we see that a basis of Ker Bf Recall from (2-2) that f Thus we obtain the total Stiefel-Whitney class
Using it, we can obtain the total Pontrjagin class p(ρ 7 ) for ρ 7 : E 7 → Sp(28), the representation mentioned in the introduction, since we have by Corollary 8.2 of [2] that the induced representation
is a direct sum of ∆ In order to determine w 64 ((∆ 13 ) R ), we use the method of indeterminate coefficients; using the equations Sq n w 64 ((∆ 13 ) R ) = 0 for n = 1, 2, 4, 8, 62, we can determine all the indeterminate coefficients, and hence the 64-th Stiefel-Whitney class is given as follows: Thus we obtain the total Stiefel-Whitney class Recall from (2-3) that if λ i is the i-th exterior representation SU(7) → SU( Recall that f * 13 ∆ + 14 = (∆ 13 ) C , which gives w(f * 13 (∆ + 14 ) R ) = w((∆ 13 ) R ). In order to determine w 64 ((∆ + 14 ) R ), we use the method of indeterminate coefficients; using the equations Sq n w 64 ((∆ + 14 ) R ) = 0 for n = 1, 2, 4, we can determine all the coefficients, and hence the 64-th Stiefel-Whitney class is given as follows: Using the above result on w 64 (∆ 15 ), we have the following theorem. Since the element w 128 (∆ 15 ⊕ λ 1 15 ⊕ λ 2 15 ) is a member of a system of generators of H * (B Spin(15); Z/2) as an algebra over the Steenrod algebra, we obtain the following corollary.
Corollary 5.2 The Stiefel-Whitney class w 128 (Ad E 8 ) of the adjoint representation Ad E 8 : E 8 → SO(248) can be chosen as a member of a system of generators of H * (BE 8 ; Z/2) as an algebra over the Steenrod algebra.
